We present a generalized symplectic geometry on a principal bundle over the configuration space of a classical field. This bundle, the vertically adapted linear frame bundle, is obtained by breaking the symmetry of the full linear frame bundle of the field configuration space, and it inherits an "n-symplectic" structure from the full frame bundle. This geometric structure admits vector-valued field observables and produces Hamiltonian vector fields, from which we can define a Poisson bracket on the field observables. We show that both the linear and the affine models of multisymplectic geometry are obtained by mapping the vertically adapted frame bundle to associated fiber bundles. In addition, the new geometry resolves a fundamental problem that arises in each model.
Introduction
Norris's theory of n-symplectic geometry [18, 19] of the linear frame bundle has proven to be a powerful tool for studying Hamiltonian particle mechanics. In Norris's theory, the canonical soldering form of the linear frame bundle of an n-dimensional manifold of particle configurations behaves as a vector-valued n-symplectic potential, and its exterior derivative is the closed and nondegenerate n-symplectic twoform. The ensuing n-symplectic geometry not only generalizes the symplectic geometry of the cotangent bundle, but also provides information about "momentum frames" along the particle trajectories.
To study classical fields, the linear [8, 13, 21] and affine [4, 6, 7, 11, 12] theories of multisymplectic (multivariable symplectic) geometry have been introduced. Multisymplectic geometry has the advantages that the multiphase space is finite-dimensional, and that the geometry is defined over a covariant parameter spacetime, allowing relativistic applications that are independent of spacetime splitting. There are two standard representations of the linear model of a multiphase space [8, 13] , but both possess the same inherent flaw. Namely, defining a "canonical" covariant multisymplectic form requires specifying a background Ehresmann connection on the underlying configuration space. (See Gotay [6] .) The affine model suggested by Kijowski [11, 12] and refined by Gotay, et al. [6, 7] , is an improvement because the multisymplectic structure can be defined intrinsically. However, as Gotay, et al. [7] , demonstrate, the problem with the affine model is that the space of field momentum observables on the multiphase space is not closed under the naturally defined Poisson bracket. The generalized symplectic geometry developed in this paper addresses both the dependence upon a connection in the linear model and the problem with the bracket of momentum observables in the affine model. This paper will show that a particular symmetry breaking of the linear frame bundle LY of the field configuration space Y produces a subbundle, the vertically adapted linear frame bundle L V Y , which naturally inherits the geometry of Norris. We will associate to L V Y the multivelocity space and the multiphase space in the linear and in the affine models and use the associations to generalize the multisymplectic geometries. Then we can identify an Ehresmann connection on Y with a symmetry breaking of L V Y , thus addressing the shortcoming of the linear model. To solve the problem in the affine model, we will construct a Poisson bracket on L V Y that not only generalizes the Poisson bracket in the affine model but also makes a vector space of observables on L V Y into an algebra.
The format of this paper is as follows. In Section 2, we summarize both the linear and affine multisymplectic geometries, and in Section 3 we summarize n-symplectic geometry. We construct a generalized symplectic geometry on L V Y in Section 4. Sections 5 and 6 show that the multivelocity spaces and multiphase spaces are associated to L V Y , and the multisymplectic forms are generated. Section 7 is devoted to the generation of the affine multisymplectic potential from the generalized symplectic potential of the vertically adapted frame bundle. This leads to the resolution of the problem with momentum observables in the affine model. We generalize the momentum mappings in Section 8.
Multisymplectic geometry
This section summarizes the linear and the affine models of multisymplectic geometry. For an extensive bibliography see Gotay, et al. [7] . Let X be an oriented n-dimensional manifold and let π XY : Y → X be a fiber bundle with a k-dimensional fiber. (Note: In general, π BA will denote a projection from A onto B.) A classical field is a section of the field configuration space Y over the parameter space X. (Typically, one dimension of X represents time and the other n − 1 dimensions represent spatial coordinates.) From local coordinates {x i } i=1,2,...,n on X we may construct local adapted coordinates {x i , y A } i=1,2,...,n, A=1,2,...,k on Y . Let V (T Y ) denote the vertical subbundle of T Y and define the linear multivelocity space to be Hom Y (T X, V (T Y )), the vector bundle over Y with standard fiber the vector space Lin (T π M Y (y) M, V y Y ). Define the linear multiphase space J * Y to be the vector bundle dual to the linear multivelocity space.
Using the linear bundle isomorphism [8] Lin
v → v ω defines a vector bundle isomorphism from the Günther representation of J * Y to the KT representation. In local coordinates define
where denotes the inner product of a vector with a differential form. So, in the KT representation,
which Ragionieri and Ricci [21] call a "generalized Liouville n-form." In either representation the linear multisymplectic structure dΘ γ is nondegenerate in the sense that for a vector field X, X dΘ γ = 0 if and only if X = 0. So, (J * Y, dΘ γ ) is a (connection-dependent) linear multisymplectic manifold.
To avoid an a priori choice of connection, Ragionieri and Ricci [21] argue that the appropriate multivelocity space should be the (first-order) jet bundle JY , whose fiber over y ∈ Y consists of linear maps γ y : T π XY (y) X → T y Y satisfying π XY * • γ y = Id T π XY (y) X . The jet bundle JY is an affine bundle over Y modeled on the vector bundle Hom Y (T X, V (T Y )), and a section of JY over Y can be identified with an Ehresmann connection on Y . The affine dual [6, 7] to JY is the vector bundle J Y over Y whose fiber over y ∈ Y is the set of affine maps from J y Y to ∧ n π XY (y) X. It can be shown that dim J Y = dim JY + 1, and that J Y is "canonically" isomorphic to the affine multiphase space Z, the vector bundle over Y with fiber
The affine multiphase space, originally defined by Kijowski [12] , has a canonical n-form, Θ z = π * Y Z (z), defined independently of a choice of connection. (Kijowski [11] attributes the definition of Z to an unpublished result of Tulczyjew.) On Z, we can define local coordinates {x i , y A , p j B , p} where
3)
The (n + 1)-form dΘ is closed and nondegenerate, so (Z, dΘ) is an affine multisymplectic manifold [7] . Let X Y be the Lie algebra of vector fields on Y . Let X Proj Y denote the space of vector fields of Y projectable to X.
Let T 1 (Z) denote the vector space of momentum observables. If v ∈ X Proj Y is written in local adapted
The Hamiltonian vector field X fv is obtained from f v via the multisymplectic structure equation
. From (2.3) and (2.4),
Using equations (2.5) and (2.6) and the Lie derivative identity [1]
it follows that L X fv Θ = 0.
Definition Let v, w ∈ X Proj Y . Define the Poisson bracket [7] of momentum observables f v and f w by
The Poisson bracket is not a true Poisson bracket because there lacks an associative multiplication of (n − 1)-forms on which the bracket acts as a derivation. Using L X fv Θ = 0, equations (2.5), (2.6), and (2.7), and the identity
, we obtain
is not closed under the Poisson bracket, or, said differently [7] , the Poisson bracket of two momentum observables is "up to the addition of exact terms, another momentum observable." If n = 1, then Z = T * Y , the Poisson bracket is the true Poisson bracket on T * Y , and the exact term in (2.8) vanishes. The momentum observables correspond to the functions of homogeneous first degree in momentum.
3 n-symplectic geometry on the linear frame bundle This section summarizes Norris's theory of n-symplectic geometry on the linear frame bundle [18, 19] . Let M be an n-dimensional manifold and let τ : LM → M be the bundle of linear frames of M . The structure group of LM is the real general linear group GL(n), and LM supports a canonical R n -valued soldering one-form [14] , θ(Y ):=u −1 (τ * Y ) for all Y ∈ T u (LM ). The two-form dθ is closed and nondegenerate, so Norris [18, 19] considers θ to be an n-symplectic potential and dθ to be an n-symplectic structure on LM . A generalization of this geometric structure is found in Awane [2] .
The theory of n-symplectic geometry on (LM, dθ) is based on the n-symplectic structure equation
where {r i } i=1,2,...,n denotes the standard basis of R n ,f =f i r i is a smooth R n -valued function, and Xf is the Hamiltonian vector field on LM unique tof . Because θ transforms tensorially under right actions of GL(n), not every R n -valued function is compatible with (3.1). Hence n-symplectic geometry selects a set of allowable observables, in contrast with the fact that all C ∞ functions on T * M are allowable.
Let {x i } i=1,2,...,n be local coordinates on M . The allowable observables in n-symplectic geometry are, in local coordinates {x i , π j k := e j ( ∂ ∂x k )} on LM , degree one in the "frame momentum" coordinates {π j k }. The set of GL(n)-tensorial observables, denoted T 1 (LM ), is a subspace of the vector space of allowable observables, and T 1 (LM ) contains exactly the observables that are linear (i.e., homogeneous of degree one) in frame momentum. The tensorial observables correspond bijectively to vector fields on M [14] . If, in local coordinates, Forf ,ĝ ∈ T 1 (LM ), define the "Poisson" bracket to be
. So (T 1 (LM ),{ , }) is a Lie algebra with an injective representation into the Lie algebra of vector fields on LM . See Norris [18, 20] for discussions extending the Lie algebra T 1 (LM ) to a (graded) Poisson algebra of (anti-) symmetric tensorial observables under the extension of the bracket in (3.2) and the (anti-) symmetric tensor product. This is part of his construction of the Schouten-Nijenhuis brackets from n-symplectic geometry [20] . All of the basic features of symplectic geometry on T * M are induced from the n-symplectic geometry on LM . Using the identification of T * M with the associated bundle LM × GL(n) R n * , the canonical one-form ϑ on T * M may be derived from the canonical one-form θ on LM by [19] 
where u ∈ LM , α ∈ R n * , andX is a tangent vector at [u, α] that projects to the same vector as the tangent vector X at u. Moreover, if for each α ∈ R n * {0} we define a map [19] 
then the range of φ α is T * M with the zero-section deleted, and thus (3.3) becomes
Also the observables on T * M that are linear in momentum are induced from elements of
..,n are the canonical momentum coordinates on T * M . Finally, Norris [19] shows that
is a vector field on T * M with the zero-section deleted, and X = Xf , where Xf is the Hamiltonian vector field on T * M corresponding tof .
The vertically adapted linear frame bundle
For the (n + k)-dimensional field configuration space π XY : Y → X, consider the linear frame bundle LY over Y . As in Section 2, let i = 1, 2, . . . , n and A = 1, 2, . . . , k.
Definition (motivated by the definition of an adapted frame [14] ) The vertically adapted linear frame bundle is defined to be
v →v be the inclusion into the first n slots of R n+k and let i 2 : R k → R n+k : w →ŵ be the inclusion into the last k slots. Let {r i } be the standard basis of R n and let {s A } be the standard basis of R k . Then, with respect to the standard basis {r i ,ŝ A } of R n+k , the isotropy subgroup of span{ŝ A } is the adapted linear group,
Since the action in (4.1) is transitive,
Theorem 4.1 Define the map
where w ∈ LY is a linear isomorphism [14] w :
Proof Since φ is tensorial (i.e., φ(w · g) = g −1 · φ(w)) under a transitive action, φ is a symmetrybreaking map [23] 
Define the bundle of vertical frames of
is a principal fiber bundle with structure group GL(k). Let τ : LX → X be the linear frame bundle over X.
The action in (4.2) is free and
is a principal fiber bundle with structure group (R k×n , +). Furthermore, the projection map η is GL(n) × GL(k)-equivariant.
Finally, using (4.2) and (4.3),
Let (y, {e i , A }) be the coframe dual to the vertically adapted frame (y,
The coframe in (4.5) is dual to (y,
The action in (4.6) is transitive and the isotropy subgroup of {0} is GL(n) × GL(k).
Y is a principal fiber bundle with structure group G A .
Proof First, use the actions in (4.2) and (4.6) to define a right action of
is free, so (N, K) = (I n , I k ), and thus, by (4.6), A = 0. Thus the G A -action in (4.7) is free. For y ∈ Y a local trivialization Pr 
where λ :
The proof is motivated by Bleecker [3] . Let σ :
Since any element of η −1 (u) can be expressed uniquely as σ(u) · B for some B ∈ R k×n , we may define λ :
This proof also is motivated by Bleecker [3] . Define σ :
so γ y (e i ) = γ y (e i ). Therefore γ y and γ y coincide on the frame (y, {e i , A }).
(iv) ⇒ (iii) : Define Λ(w) := (η(w), λ(w)). Using (4.4) and (4.7),
The action in (4.6) is transitive, thus ensuring that λ is surjective. To show that Λ is surjective, (w), B) . To show that Λ is injective, let w, w ∈ L V Y and Λ(w) = Λ(w ). Then w ∈ η −1 (η(w)), so w = w · A and
The pullback of the (n + k)-symplectic structure dθ via inclusion i : Definitions The vector space of tensorial
The vector space of Hamiltonian vector fields on L V Y is
we solve (4.8) locally for Xf . This yields a Hamiltonian vector field on L V Y if we place constraints onf ,
Using the condition L X (i * dθ) = 0 locally, it follows that if n ≥ 2 and k ≥ 2 then 
(We'll reserve the more conventional "[ , ]" for equivalence classes of a different equivalence relation.)
is a vector bundle isomorphism over Y , where {(π XY * e) j } is the coframe of X at π XY (y) dual to the frame {(π XY * e) j } := {π XY * e j } and
. Then y = y and there exists an (N,
Also ψ is linear of full rank on each fiber, so ψ is surjective. 2
Use (4.3) and (4.6) to define a different equivalence relation on
Aff is an affine bundle over Y with underlying vector bundle L V Y × G A R k×n , and the map
is an affine bundle isomorphism onto the jet bundle JY . (N, K, A) 
Finally, if δ is the difference function on JY and ψ is defined in Lemma 5.1, then
6 Constructing the multiphase spaces 
1). The resulting equivalence classes, denoted by [(y, {e
The following result comes from modifying the proof of Lemma 5.1.
is a vector bundle isomorphism over Y to the Günther representation of J * Y .
If, instead of the action defined in (6.1), we use a GL(n)-normalized action 
where if f is a set of n linearly independent vectors {f i } then
The map ρ KT is a vector bundle isomorphism over Y to the KT representation of J * Y . Define a linear left action of G A on the vector space R n×k × R by
The associated vector bundle L V Y × G A (R n×k × R) is constructed using (4.3) and (6.4). Equivalence classes are denoted by [(y, {e i , A }), (B, λ)].
Theorem 6.2 The map
is a vector bundle monomorphism over Y , and the range of ρ Z is Z.
Proof We may use (4.3), (4.5), (6.3) and (6.4) to show that ρ Z is well defined. Observe that ω(e) kills vertical vectors, and if n ≥ 2 then A ∧ ω(e) i kills two vertical vectors. Thus, the range of ρ Z is in Z.
where p i A (z) and p(z) are the coordinates defined in (2.2). Also, ρ Z is linear on fibers over Y , ρ Z preserves fibers, and the fibers have the same dimension. 2
Using ρ Z , the relationships between local canonical coordinates {x i , y A , p j B , p} on Z and local coordi-
The first equation in (6.6) also relates coordinates in Hom 
Proof By definition, a section s :
, resulting in equation (6.7). Conversely, if s satisfies (6.7) then s is well defined. 2 Theorem 6.4 (Sardanashvily [22] ) An Ehresmann connection on Y is equivalent to a splitting of the short exact sequence of vector bundle homomorphisms over Id Y ,
Proof Assume an Ehresmann connection on Y . By Theorem 4.4, a connection is equivalent to a
Thus, by Lemma 6. . Then ξ u is linear and thus we may uniquely represent ξ u as ξ u (B) = tr (BW (ξ u )) where W (ξ u ) ∈ R k×n . We now argue that u → W (ξ u ) is a symmetry-breaking map and, by Theorem 4.4, it is equivalent to an Ehresmann connection on Y . Indeed, the action of G A on R k×n given in (4.6) is transitive, so it remains only to show equivariance. By equation (6.7),
We see from the bundles associated to L V Y that Z is a vector bundle over Y but is a one-dimensional affine bundle over J * Y . To recover a vector bundle structure over J * Y requires a connection. This clarifies a result of Cariñena, et al. [4] .
7 Affine multisymplectic geometry from (n+k)-symplectic geometry
We will construct the multisymplectic potential Θ on Z from the (n + k)-symplectic potential i * θ on L V Y . First, some preliminary remarks about tensor-valued differential forms on LY are necessary. Let {R µ } µ=1,2,..., n+k be the standard basis of R n+k , and define R µ 1 ···µm := R µ 1 ∧ · · · ∧ R µm ∈ ∧ m R n+k . Let α be a ∧ r R n+k -valued p-form and let β be a ∧ s R n+k -valued q-form on a manifold. Then α = α µ 1 ···µr ⊗ R µ 1 ···µr and β = β µ 1 ···µs ⊗ R µ 1 ···µs . Define
Note that α ∧ β = (−1) pq+rs β ∧ α . Let θ be the canonical soldering form on LY . Define the ∧ m R n+k -valued m-form ∧ m θ on LY by
is closed and nondegenerate.
Without loss of generality, we may introduce a torsionless connection ω on LY . Thus
, where {B µ (w)} is an ω-horizontal frame and {E * µ ν (w)} is the frame of fundamental vertical vector fields. So,
Evaluate both sides of equation (7.2) at (B α 1 , . . . , B αm )(w) to obtain
Choose a sequence {µ I } such that the µ I are distinct for 1 ≤ I ≤ m and choose a sequence {α I } such that α I = µ I for 2 ≤ I ≤ m. Thus X µ 1 α 1 = 0, for any choice of µ 1 and α 1 . Return to (7.2) and evaluate both sides of the equation at (E * α β , B α 2 , . . . , B αm ). By a calculation similar to that above,
Again, choose a sequence {µ I } such that the µ I are distinct if 1 ≤ I ≤ m. Now let α I = µ I for 2 ≤ I ≤ m and let α = α 2 = µ 2 and β = µ 1 . Then the second term in equation (7.3) vanishes, else µ 1 = µ 2 which is a contradiction. Thus, X α = 0. 2
Let m = n. If σ is a permutation of n elements expressed by (σ(1), σ(2), . . . , σ(n)) = (i 1 , i 2 , . . . , i n ) then let i 1 i 2 ···in denote the sign of σ. Let (y,
Define the fiber-preserving map over Y ,
where the map V : R n×k × R → ∧ n R n+k * has components
Proof At the point (y, {e i , A }) ∈ L V Y , θ i = e i and θ A = A , so, using (7.4),
Equation ( 
The following theorem is the adapted frame application of a result of Norris [19] . Proof From (6.6) and the matrix identity,
. However we must show that the resulting vector field on Z is well defined. If φ (B,λ) (w ) = φ (B,λ) (w) then w = R g (w) for some g ∈ G A , so φ (B,λ) (R g (w)) = φ (B,λ) (w). Since di * θ and df v are tensorial, it follows that Xf
The image of T 1 V (L V Y ) under the representation (7.6) is the set of degree m momentum observables on L V Y . Obtain Xf fromf via (4.8) . By the property, Xf i * θ =f , together with induction on m,
Lemma 7.1 may be modified for i * θ for 0 ≤ m ≤ n + k − 2, so the form d(∧ m+1 i * θ) is closed and nondegenerate. However, using equations (7.1) and (7.7), we may instead use i * dθ∧(∧ m i * θ) to eliminate a factor of (m + 1) in the following generalization of equation (4.8) ,
For 0 ≤ m ≤ n + k define a bracket on their images under (7.6) by
If m = 0 then (7.9) gives us the pullback of the bracket {f ,ĝ} from (3.2), which preserves
of degree zero momentum observables is a Lie algebra under (3.2) . By application of (7.7) and (7.9), we obtain the following result. 
and T 1 (Z) are in bijective correspondence, and Theorem 7.3 dictates a relationship between the corresponding spaces of Hamiltonian vector fields. Thus we may argue that the (n + k)-symplectic geometry of L V Y not only generates the affine multisymplectic geometry of Z for classical fields, but also possesses a Lie algebra structure for field observables that Z lacks.
Momentum mappings and angular momentum
Let G be a Lie group with an action on L V Y that preserves i * θ. Let g be the Lie algebra of
n+k is a momentum mapping [19] if
Let Aut Y denote the group of bundle automorphisms of Y over X. Ignoring topological issues (see Milnor [17] Example: Angular momentum for time-evolution particle mechanics. (This extends a result of Norris [19] .) Let X = R with a scalar metric ι. Let Y = R × R 3 , with a metric g. Use the trivial connection of Y over X to construct a metric G(v, w)
The Euclidean group E(3) in GL(4) is the semidirect product of R 3 with O(3), the orthogonal group with respect to g. The left representation Φ : E(3) × R 4 → R 4 defined by left matrix multiplication covers the trivial representation of E(3) on X = R, so that for all h ∈ E(3), Φ h ∈ Aut (Y ). Lift Φ h to an action on L V Y . The Euclidean Lie algebra e(3) is the semidirect product of R 3 with o(3). If we express the standard basis of e(3) as {E A B , s C }, then for ξ ∈ e(3), we may write ξ = ξ A B E B A + ξ A s A . In local coordinates the corresponding infinitesimal generator on Y is ξ * (y) = (ξ A B y B + tξ A )
LetĜ be the symmetric tensorial tensor-valued function [14] on L V Y constructed from the metric G on Y . (Even though G is a contravariant degree two tensor field rather than a vector field the definition of momentum observable may be extended [18] .) By the symmetrized equation dĜ µν = X (µ di * θ ν) , µ, ν = 1, 2, 3, 4, we obtain four Hamiltonian vector fields, {X t G , X A G }. In local coordinates, the four Hamiltonian vector fields forĜ are
Along an integral curve of X tĜ , we integrate with suitable initial conditions to obtain the flow
, we integrate with suitable initial conditions to obtain
Apparently (8.1) violates conservation of angular momentum along the flow, since F B λ is not an integral of the motion. But closer observation reveals that the additional term describes the contribution to the angular momentum from shift of the point in Y under the translational component of E(3). Indeed, if we restrict the action to O(3) ⊂ E(3), then the extra term disappears, and we produce conserved angular momentum along flows in the spatial directions, i.e., J A • F A λ = J A . So, the frame-symplectic geometry adjusts the angular momentum to accommodate a change in reference frame. Therefore, we have a symplectic model that naturally produces the "parallel axis theorem" of classical mechanics.
Conclusions
This investigation shows that the generalized symplectic geometry of the bundle of vertically adapted linear frames L V Y provides a general description of classical Hamiltonian field theories analogous to Norris's description of Hamiltonian particle mechanics using n-symplectic geometry. A vector space of tensorial functions serves as a space of classical field observables, and these observables produce Hamiltonian vector fields, whose flows describe the motion of "momentum frames" of fields.
From the (n + k)-symplectic geometry of L V Y we may reproduce the multisymplectic geometry not only of the linear multiphase space J * Y in two standard representations, but also of the prototypic affine multiphase space Z. This new geometry illustrates a limitation of the linear multisymplectic geometry J * Y for modeling field theories. Specifically, since a particular symmetry breaking of L V Y is equivalent to a choice of a background connection on Y , linear multisymplectic geometry cannot be done without an a priori breaking of symmetry. This hints that the connection-independent affine multisymplectic geometry on Z is a more natural geometry. For affine multisymplectic geometry, the new geometry of L V Y also allows us to define (covariantly and independently of a connection) an algebra of momentum observables without an obstruction. More generally, a joint paper with Fulp and Norris [5] shows that (n + k)-symplectic geometry on the full frame bundle LY generalizes the natural geometry of any skew-symmetric tensor bundle over Y .
This new generalized symplectic geometry has an additional advantage over the existing multisymplectic field theories. In order to witness events in a covariant field theory, the observer must choose a preferred reference frame. The principal bundle L V Y is the space of all reference frames, and a section of L V Y describes the path of a frame chosen by an observer [18] . So solution curves tell us how "momentum frames" move with respect to this observer. (See [18] and [20] for an interesting frame bundle derivation of parallel transport of tetrads along geodesics in a Riemannian manifold.)
As foreshadowed by the superscript "1" in the notation (such as in T 1 V (L V Y )) and the example of a metric Hamiltonian observable, the vector spaces of momentum observables may be extended to higher degree tensor fields, and the definitions of the Poisson bracket may be extended to these new spaces. (This has been accomplished for particle mechanics, resulting in full Poisson and graded Poisson Schouten-Nijenhuis algebras of the respective symmetric and antisymmetric tensorial observables on LM . Again, see [18] and [20] .) The extended bracket would be a true Poisson bracket, acting as a derivation on the tensor algebra. Early successes [9, 10] in extending the algebras of observables on J * Y motivate us to pursue this direction of inquiry.
In addition, we speculate that recent results in affine multisymplectic geometry may be generalized to frame-symplectic geometry. Namely the derivation of the multisymplectic form from a variational principle [15] may motivate an interesting variational approach to (n+k)-symplectic geometry, and point to numerical techniques to approximate the evolution of momentum frames. Also frame-symplectic geometry may be useful to generalize the recent application [16] of multisymplectic geometry to derive equations of water waves and to analyze the laws of conservation of wave action, wave propagation, periodic pattern formation, and instability. Here the "reference frame" point of view may prove valuable.
